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Abstract
In this note, we present a simple method for constructing maximal curves deﬁned over Fq2m
by the equation yn = T (x), where T (x) is a q-polynomial over Fq2m .
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1. Introduction
Let Fq2m be a ﬁnite ﬁeld. In a recent article of Coulter [1] certain Artin–Schreier
curves over Fq2m with deﬁning equations yq
t − y = axqd+1 + L(x) were studied. It
was proved that for a suitable choice of the factors t and d of m and qt -polynomial
L(x) these curves are maximal i.e. the number of rational places of their function ﬁelds
meets the Hasse–Weil upper bound q2m+1+2gqm, where g is the genus. A key point
in that study was the knowledge of the distribution of the values of exponential sums∑
x∈F
q2m
e(c(axq
d+1+bx)) as c runs over the set of zeros of the qt -polynomial yqt −y
which is the ﬁnite ﬁeld Fqt .
In this note, we shall extend the method of Coulter [1] in the following way. Let
Fqk be a ﬁnite ﬁeld of characteristic p. We associate to every separable q-polynomial
R(x) over Fqk with degR(x)qk another separable q-polynomial Q(x) over Fqk such
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that the number of ﬁnite rational places of the function ﬁelds of the curves deﬁned
over Fqk by yn = aR(x), where n is a factor of qk − 1, can be determined from the
knowledge of the distribution of the values of
∑
y∈F
qk
e(ca−1yn) as c runs over the
set of zeros of Q(x).
In the special case k = 2m, we obtain maximal curves for each subspace L of Fqm
and for each factor n of qm+1. In particular, if we choose L to be any subﬁeld Fqt of
Fqm we arrive at the Artin–Schreier curves deﬁned by a−1yn = xqt − x. In the special
case n = qd + 1 these curves were studied in [1], and in the special case t = 1 in [7]
using different methods.
Let pl = qm. In [2, Corollary 4.8] the existence of a maximal curve with genus
g = (n− 1)(pl−u− 1)/2 for each factor n of qm+ 1 and for each 0u l was shown.
Our method produces maximal curves with explicit equations for each genus of the
same form.
2. The method
Let F := Fqk be a ﬁnite ﬁeld and let h be a positive integer k.
Lemma. Let Q(x) = ∑hi=0 aixqi ∈ F[x] be a q-polynomial with a0ah = 0. The
mapping
 : Q(x) 	→
h∑
i=0
a
qk−i
i x
qh−i
is a permutation of the set of separable q-polynomials over F of degree qh.
Proof. Let R(x) = ∑hi=0 bixqi ∈ F[x] be a q-polynomial with b0bh = 0. Obviously
(Q(x)) = R(x) if
Q(x) =
h∑
i=0
b
qi
h−ix
qi =
h∑
i=0
b
qh−i
i x
qh−i .
Thus  is surjective and therefore bijective. 
Theorem 1. Let R(x) = ∑hi=0 bixqi ∈ F[x] be a q-polynomial with b0bh = 0. Let
Q(x) = −1(R(x)) and let L be the set of zeros of Q(x) in F. Let n(> 1) be a factor
of qk − 1 and let a ∈ F∗. The number of solutions of yn = aR(x) in F× F is
qk +
∑
c∈L
c =0
∑
y∈F
e(−ca−1yn),
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where e is the canonical additive character of F. Furthermore, the curve over F
with deﬁning equation yn = aR(x) is maximal if and only if #L = degQ(x) and∑
y∈F e(−ca−1yn) attains the Weil bound (n− 1)qk/2 for all c ∈ L, c = 0.
Proof. Denote by N the number of solutions of yn = aR(x). The orthogonality relations
of characters imply the equality
qkN =
∑
c∈F
(∑
y∈F
e(−ca−1yn)
)(∑
x∈F
e(cR(x))
)
.
Since e(x) = e(xqi ) holds for all nonnegative integers i, the latter sum ∑x∈F e(cR(x))
is equal to
S : =
∑
x∈F
e
( h∑
i=0
cbix
qi
)
=
∑
x∈F
h∏
i=0
e(cbix
qi )
=
∑
x∈F
h∏
i=0
e
(
(cbix
qi )q
h−i )
=
∑
x∈F
h∏
i=0
e
(
xq
h
(cbi)
qh−i )
=
∑
x∈F
e(xq
h
Q(c)).
The orthogonality of characters now implies
S =
{
0 if c /∈ L,
qk if c ∈ L
and consequently
N = qk +
∑
c∈L
c =0
∑
y∈F
e(−ca−1yn).
For the proof of the second part of the theorem we note that f (x, y) := yn− aR(x) ∈
F[x, y] is irreducible by the Eisenstein’s criterion (see [6, p. 66]) and every ﬁnite point
on the curve C : f (x, y) = 0 over F is simple. Hence, for every solution of f (x, y) = 0
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in F×F there exists exactly one rational place in the function ﬁeld of C. Moreover, the
roots of R(x) are simple, and gcd(n, degR(x)) = 1. Thus, the genus of the function
ﬁeld of C is (n − 1)(degR(x) − 1)/2 = (n − 1)(degQ(x) − 1)/2, and it has exactly
one rational inﬁnite place (see [6, p. 196]). 
Remark. We can easily construct all such polynomials Q(x) that the condition #L =
degQ(x) in Theorem 1 holds: let L be any Fq -subspace of F and let Q(x) =∏∈L(x−
). It is well known (see [4, p. 110]) that aQ(x) is a q-polynomial over F. On the other
hand, the set of roots of any q-polynomial Q(x) over F in F forms an Fq -subspace of
F since Q(x) is an Fq -linear map from F into itself.
3. The construction
Let p be a prime and let r be a positive integer. In this section we consider ﬁnite
ﬁelds Fq2m with q = pr . The following theorem, together with Theorem 1, enables us
to construct maximal curves for each Fq -subspace of Fqm .
Theorem 2. Let  be a primitive element of Fq2m and let a ∈ F∗q2m . Let d be a factor
of m, let n(> 1) be a factor of qd + 1, and denote s = m/d. Then
∑
y∈F
q2m
e(ayn) =
{
(−1)sqm if ind a /≡ k (n),
(−1)s−1(n− 1)qm if ind a ≡ k (n),
where k = 0 if
(A) p = 2; or p > 2 and 2 | s; or p > 2, 2s and 2 | (qd + 1)/n,
and k = n/2 if
(B) p > 2, 2s and 2(qd + 1)/n.
Proof. This is Theorem 1 in [5] where we have replaced d with rd. 
We are now able to establish our main results.
Theorem 3. Let R(x) be a separable q-polynomial over Fq2m with degR(x)q2m. Let
Q(x) = −1(R(x)) and let L be the set of zeros of Q(x) in Fq2m . Let n(> 1) be a
factor of qm + 1 and let a ∈ F∗
q2m
. Let k be as in Theorem 2. Then the curve over
Fq2m deﬁned by the equation yn = aR(x) is maximal if and only if #L = degQ(x)
and the Fq -subspace a−1−kL of Fq2m is contained in the union of the multiplicative
cyclic group 〈n〉 and {0}.
Proof. Since ind(−ca−1) ≡ k(n) if and only if ca−1−k ∈ 〈n〉, the claim follows
now from Theorems 1 and 2 by choosing d = m in Theorem 2 (Note that −1 is an
nth power of .) 
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Corollary. Let n be a factor of qm + 1, let h ∈ {0, . . . , m}, and let b ∈ Fq2m . Choose
a ∈ Fq2m such that ind(a) ≡ ind(b) − k(n) with k as in Theorem 2. Let L′ be any
Fq -subspace of dimension h of Fqm and put L = bL′. Let
Q(x) =
∏
∈L
(x − ) =
h∑
i=0
aix
qi
and
R(x) =
h∑
i=0
a
q2m−i
i x
qh−i .
Then the curves over Fq2m deﬁned by yn = aR(x) are maximal.
Proof. Since L′ ⊆ Fqm ⊆< n > ∪{0} we have a−1−kbL′ ⊆< n > ∪{0}. 
Remark. Let pl = qm. By choosing q = p in the Corollary, we obtain maximal curves
of the form C : yn = aR(x) with genera g = (n−1)(pl−u−1)/2 for each factor n > 1
of qm+ 1 and for each 0u l. (Note that the curves are trivially maximal if n = 1.)
4. Explicit constructions of R(x)
In this section we consider some explicit constructions of Q(x), and therefore
of R(x).
(i) Let Fqt be a subﬁeld of Fqm . By choosing L = bFqt with b = 1 we have
R(x) = −Q(x) = x − xqt , and we arrive at the maximal Artin–Schreier curves
C : −a−1yn = xqt − x.
(ii) Choose b ∈ Fq2m such that bqt−1 = −1 and let L = bFqt . Now Q(x) = R(x) =
xq
t + x and we have the maximal curves C : yn = a(xqt + x). In the special
case t = m we may choose a = 1 because now ind(b) = j (qm + 1)/2 for some
j satisfying j ≡ q (2), and it is easy to see that ind(b) ≡ k(n). Now, we arrive
at the maximal curves C : yn = xqm + x, and choosing n = qm + 1 we obtain the
Hermitian curve (see [6, p. 203]).
(iii) Let Fqd be an intermediate ﬁeld of Fqm over Fqt with d > t . Let L = {c ∈
Fqd | Tr(c) = 0}, where Tr is the trace map from Fqd onto Fqt , and let Q(x) =∏
∈L(x − ). Since Tr is a qt -linear surjection we have #L = qd−t . On the other
hand, the restriction of F(x) := ∑d/t−1i=0 xqti to Fqd equals Tr and consequently
F(x) has at least, and therefore, exactly qd−t roots in Fq2m . Thus, F(x) = Q(x) =
R(x). As a result we obtain the maximal curves deﬁned by
yn = a
d/t−1∑
i=0
xq
ti
.
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By choosing d = m, t = 1, and a such that aqm−1 = −1 we arrive at the curves
considered in [3, Example 12]. Indeed, now b = 1, ind(a) = j (qm + 1)/2 for
some odd j, and ind(a) ≡ −k(n).
Remark. The polynomials Q(x) in (i) and (iii) are special cases of the polynomials
arising from the factorization of xm−1 in Fq [x]. Indeed, the theory of q-polynomials and
their conventional q-associates (see [4, pp. 115–116], and particularly Theorem 3.62)
implies that for any factor
∑h
i=0 aixi of xm−1 in Fq [x] we have the factor
∑h
i=0 aixq
i
of xqm − x in Fq [x]. Now, by Theorem 3, the curves C : yn = a∑hi=0 aixqh−i are
maximal. On the other hand, if Q(x) := ∑hi=0 bixqi ∈ Fq [x] with b0 = 0, bh = 1,
and if the set of zeros of Q(x) is contained in Fqm , then Q(x) is a factor of xq
m − x
and therefore
∑h
i=0 bixi is a factor of xm − 1. For example, the polynomials Q(x) in
(i) and (iii) correspond to the factors xt−1 and (xd−1)/(xt−1) of xm−1, respectively.
(iv) In general, a sequence of subspaces Lh of Fqm with dimensions h = 0, . . . , m, and
the corresponding polynomials Qh(x) can be constructed recursively as follows.
Choose L0 = {0} and Q0(x) = x. Assume we have constructed Lh and Qh(x).
Choose h+1 ∈ Fqm\Lh, and denote < h+1 >= {bh+1 | b ∈ Fq} the subspace of
Fqm spanned by h+1. Now Lh+1 := Lh⊕ < h+1 > is of dimension h+ 1 and
Qh+1(x) =
∏
∈Lh+1
(x − ) =
∏
b∈Fq
∏
∈Lh
(x − (+ bh+1))
=
∏
b∈Fq
Qh(x − bh+1).
Note that every basis {1, 2, . . . , m} of the extension Fqm/Fq gives us a possi-
bility to choose elements h above.
Example. Let q = 2 and m = 5, and consider the ﬁeld Fq2m = F1024. The possible
nonzero dimensions of the F2-subspaces of F2m are 1, 2, 3, 4, 5. By (i) above we have
the maximal curves C : yn = x + x2 and C : yn = x + x32 with n = 1, 3, 11, 33
corresponding to the subspaces F2 and F25 of F2m i.e. the factors x + 1 and x5 + 1
of x5 + 1. By (iii) we have the maximal curves C : yn = x + x2 + x4 + x8 + x16
with n = 1, 3, 11, 33 corresponding to a subspace of dimension 4 of F2m i.e. the factor
q(x) = (x5+1)/(x+1) of x5+1. Since q(x) is irreducible over F2[x] our method does
not produce any other maximal curves C : yn = R(x) with R(x) ∈ F2[x], R(x) = x.
We construct polynomials Q2(x) and Q3(x), corresponding to subspaces of dimen-
sions 2 and 3, using the recursion of (iv). Let  ∈ F2m be a root of irreducible
polynomial x5 + x3 + 1 ∈ F2[x] (see [4, p. 546].) Let Q1(x) = x + x2. Now
Q2(x) = Q1(x)Q1(x + ) = Q1(x)2 +Q1()Q1(x)
= (+ 2)x + (1+ + 2)x2 + x4
= 15x + 22x2 + x4,
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R2(x) = 15x4 + 22.16x2 + x, and we obtain the maximal curves
C : yn = x + 11x2 + 15x4
with n = 1, 3, 11, 33.
Since  and 2 are linearly independent over F2, 2 ∈ L2. Thus
Q3(x) = Q2(x)2 +Q2(2)Q2(x)
= 30x2 + 13x4 + x8 + 5(15x + 22x2 + x4)
= 20x + x2 + 24x4 + x8,
R3(x) = 20x8 + 16x4 + 24.8x2 + x, and we obtain the maximal curves
C : yn = x + 6x2 + 16x4 + 20x8
with n = 1, 3, 11, 33.
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